Topic 3: INTEGRAL CALCULUS

In this topic we learn several techniques of integration, and then con-
sider some applications.

3.1 Standard Integrals
3.2 Integration using Trigonometric Identities

3.3 Integration using Partial Fractions
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And since we learnt how to differentiate inverse frigonometric func-
tions in Week 5, we also know:

inverse Trig:
1
\|||a.e = arcsin Amv +C
a2 — 2 a
\ =1 4w = arccos Amv +C
Va2 — 22 a
1 1 x
~———=dz = —arctan Alv C
\ a2+ z2 = re a +
where a > 0.

Homework: Check these by differentiating the right hand side using
the chain rule.
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3.1 Standard Integrais

You should be familiar with the following integrals, where k € R:

Basic:
\a:aanahwlp,*.m forn # —1
n-+1
A..maa one to the power and divide by what you @mﬁ__v
\mwaaa = meau_.Q
Trig:

\m_:waaau IWOOmNSTTQ

\Smwe%uwg;ﬁwm

\mmow kz dz = wﬁm: kz+C
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3.2 Integration using Trigonometric Identities [Chapter 8.3]

An integral of the form
\mSSAev cos™(z) dz

(where m, n are nonnegative integers) can be solved using trigono-
metric identities. There are two cases to consider, depending on
whether the powers m and n are even or odd.

3.2.1 Case 1: At least one of m, nis odd.

In this case we can turn the integral into a derivative present type. To
do this, first split off a factor of the function with the odd power. This
will become the derivative, so we express everything else in terms of
the other function, by using the identities

sin?(z) = 1 — cos?(x) and cos?(z) = 1 —sin’(z) .
It is best illustrated by example!
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Example: \ sin?(z) cos®(z) dz

We split off a factor of the function with the odd power, cos(z), then

express the other powers of cos in terms of sin by using the identity
ﬁ cos?(z) = 1 —sin?(x).
Y

= rv. b,\aﬁx‘ D&*uh o8 DL k\»r
. 2
- ,%, ?\m\qh ﬁgmﬂ,\v co§ I Qw:.

\Jh = .w, b,>ﬁx‘ RN\M.,\%\KVV%.U.. ofr

Example: \mmsqﬁmav dz
= r%bsb\wv& s (2x) dy
%Ab,\/vwvr v ! i 2o obe

= % (1- %Mvwver Sia b dhe

y)

%ﬁ (24l
\....\ ™ Auw =~ .ND,\, PAYS Dm& ‘
/
/ This is then a derivative present type integral which can be solved by .o _ | “
/ setting u = sin(z)... VM\&S S ol
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3.2.2 Case 2: Both mand n are even.

For this case, we need to make use of some different trigonometric
identities.

Recall from the double angle formula for cos, we have

cos(2z) = cos?(z) — sin?(z)

= (1 —sin?(z)) — sin’(z)
=1 —2sin?(z)

= 2sin?(z) = 1 — cos(2x)
Hence

1

sin?(z) = MAH - noﬂmavv

Homework: Derive the corresponding identity for cos2(z):

cos2(z) = W? + nOmAmavv
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Example: \ cos*(z) dz

(Note that sin z has power 0, so both powers are even.)
I (o) dn
Y
= %\wm: costn)) ol
JA( £ 2mitn 4 ™ 2) ohe

!

.v\w R\‘TN&L\F 2 (e wsh) oy

-

% £ Ncﬁw\vr £ \,,r [7-31 «.?r &.:‘
ial

NM\ w £ b_>NvP L»m..b.,\—&\vrv + C

L
N !
= ,W TP«h)Nx\ + ..mwbéfr + C
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So, for integrals of the form [ sin™(xz) cos™(z) dz where m and n
are both even, we make use of the trigonometric identities:

sin?(z) = W? - nOmAmavv

cos?(z) = WAH + noﬂmavv

until we obtain standard trigonometric integrals.

118

Example: \ sin?(3z) cos?(3z) dz

.“%W?!S‘.?pw,\h\?.\m\gkuk\\dr
4.7 ?\sw??
f

L[ 2li—airn) b
= L%\Ry.\ Los | 20 A
£

vn\l‘}\\%\v\w\gv nﬁ.m\
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Homework: Solve the following: Example: \ tan3(3z) sec*(3z) dz
(@) \ sin2(z)dz  (b) \ sind(z)dz  {¢) \ sin®(z) dz _ .
= % *&Aw 3 .H&P.vwvﬂ\.hmxx Sn dhe

i »\,*“wavr\*?ewﬁ\m‘ _vwwhwwvh e
et u= .\.mbwvﬁ .Mmm‘ = Wmmhvwx\
st (aet) (4 )
“Lw. u\\\em...mxn\rw “\?

LS

du = 3sec e o’
W. Adu = %.Nn\a. wVﬁ QPP -

Answers: (a) W3|Wmm:AMNV+Q — Ln«- A M‘\S b & \M.T w sv + m
(b) 3cos’(z) —cos(z) +C
(©) 3z - %sin(2z) + Lsin(4z) +C 0 .W\(n | §
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3.2.3 Powers of tan and sec Exercise: \ sec®(2z) dz

Similar methods can often be applied to integrals involving tan and
sec, by using the identity

tan?(z) + 1 = sec?(x)

and recalling that sec?(z) is the derivative of tan(z).

Example: \ tan?(z) dz

_ Answer: & tan®(2z) + 3tan3(2z) 4 tan(2z) 4 C
= famx — x 4 C :

Homework: [sec?(5z)tan(5z) dx
Answer: tan®(5z) + 5tan?(5z) + C
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Additional questions

You can now attempt a selection of exercises 1 - 12 and 29 - 42 from
Chapter 8.3 in the textbook.
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Case 1: The denominator factorises into distinct linear factors.
In this case we can rewrite the integrand as:

f(=) A

4 B
(az +b)(cz+d) ax+b

cx+d’

. 9r+1 . A B
Example: Write ———————— inthe form -
P G-3)@+D

z—3 z4+1
e | A 8
- PR 4+ —
ﬁvr \.wv &ur.TC -7 P

Wit o flrdl B asl B2
Ga £ |

- bA.XL-—v -~ _WNuP\lN\v
m!‘\w\NuTtv (x=3)(n+t ).

Deormatosy e equadl =

127

3.3 Integration using Partial Fractions [Chapter 8.5}

The method of partial fractions can be used 1o solve integrals of the

form
f(z)
.\p&w +bz+c dz

where f(z) is a linear function (or constant), and the quadratic in the
denominator can be factorised into linear factors.

The idea is to break up the integrand into smaller pieces that are

easy to integrate. These pieces depend on the way the denominator
factorises.
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Numbody are Gl okfo.

Tutl = Alx<r )+ BO-3)

= A+ A+ B —3B
(A+ B)s> (A-3R)
Cquote pofhiints:

v 9 = A+l ®
?o\;.w\n \ z Bv\wm @
¢ = 4B (-
=) 3= 2 = A= 7
A>e€ ) - 7 4 2
Oe=3) (x+1) -3
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N;%T:‘; + C

. L set1 »: 0= At > AT
Example cont'd: Hence find \Aalwv?._lb dz . wast s <= -9 +5R kwsr
= -3 2 £ | “ =? = -2(-B)+ 58
- 2 = .lzw = w“’\ )n.\\ |
_ ,H —_— Oﬁwr 4+ . < Qﬁr
-3 =
—A
o ) = % 7 - (d AT
Erxs -Mrw STKM“HW\ W4 D-to - nts o
Vv
-] SU Tn\i +

= \,@T:‘m\_ + Em Le-2| ¢
. w-=-"L
_ su I~ | + ¢
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Example: \ |m|lN|aa Case 2: The denominator factorises into repeated linear factors
25+ 3z - 10 (i.e. is a perfect square). In this case we rewrite the integrand as:
Factorise  Adeaoprinator . f@ _ A , B
(az+b)2 azx+b (azx+b)2°
7 _ A ‘ R
4 -1 £ -1 . 3z41
Ge € 5) (e -1) ey Example: \am e 1792
= x-1) + B \ur.m 3o |
(xes ) (x-2) R o) Ae2 (242
Q v - }mun.?d( v < @
=) = 3 Ly
Al-2) + Bx (o)
= - Br €
= A -1A £ B 58 - Bl = Abeerj 4 p
= 4+ (- E %R v -
(A€o + R Ax £ (2443)




Qw.r = 3
.vPa\.%rﬁur ¥ > AL

- w_d TCB\. —

= w:u_vl\e_ +

=2 Rz-§
'S
L o
()
—S—
(x+%)
(et us= €l
Qf\nﬂ}r
5
WET +
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Exercise: Write down the partial fractions decomposition you would
use for each of the following:

(a) _&r2 = ot = A -+ &
22 +4x -5 (s )(>e-1) HEY 21
1-2z -2 A 8
0 5—F/——F2 = \ S - <
+6z+9 =
o (et XE3 e
3 3 A
(c) 2_a = — = s l\n..\..!.,w
Avr\d\‘anA\Nv H—p St L
4z
= Yo
@ z2—-10z+25 = A <8
(o -s)" =5 hﬂ\m» )

Homework: \ 2=l 4
22 —6z-+9

Answer; 2log,lz— 3| - 24 C
z—3
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Notes about Partial Fractions

o The above techniques generalise to cases where the denomina-
tor is a product of more than two linear factors. The corresponding
partial fractions decompositions are:

f(x) _ A As An
AHIQHVAalpmV:.Aalmzv|a|§+&lmw+...+algz
flz) A Ao An
or ARIQV:IHIQITA&Iavm.T....TAHIQV:

These cases are looked at further in Galculus 2.

o If the numerator has degree greater than or equal to that of the
denominator, we first need to apply polynomial long division to
obtain an expression where the numerator has degree smaller than
the denominator, before applying the partial fractions method.
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- R Lo =30~ S €24

. (223322 -8z +24 ohc
Example: \ e — dz XV\&
2y — % 3
.x l\fA\ v er\w\v Wv?ﬁ\%uf* ‘d\f‘\ = % er:\.w © VP\V vﬁk\d\ -
M\vrw .\M\NF
-— L
-3, Py - VH)WVP,T wrvm?,li - w?u_x.m I tq
nw
3
- % + L = % - e -+ WN?% ‘X‘N\\ - ?@Th.ﬁw sv\m C
LT s
X\
\ = X\J\.\ S + .W\w \N+~\~ :m\ﬂ
.~\vv|w¥u‘\%¥+ 2y L %
= = s .\W + =
TR =4
7 N ke
iy idgese 7 g
‘T - 1\&.\\\:\}) - ib + AW Homework: Practice your polynomial long division on these:
XY (oe-) Gesr) 2L x4 T

= Al+?) + B(x)

(1) (x+2)

7 \2 = Alx+?) + Blx-1y
= (A+B) + (2A—2R)
oLt ©= A<R = B=-r%
Loast 11 = 24-18 m\hsr
= 2 -2-A)
= «A = A=3 B=-3
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2¢% — 623 + 1422 — 10z + 19

(@) 22 —-3z+5

525 +11z% — 323 — 222 -2z + 1

() 22422 -1

Answars: (a) 222 + 4 + ==L

x2—3x+5 AUV me + 8M -1
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Additional questions

You can now attempt a selection of exercises 9-12 and 15-18 from
Chapter 8.5 in the textbook.
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