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Intro
Random matrix theory (RMT) is the study of ma-
trices whose entries are random variables. The probability
density for the entire matrix is: % : � → R+0 , where
� ∈ C<×=.
• choose Hermitian random matrix H ∈ Herm(N) with real
eigenvalues E = diag(�1, . . . , �#)

• (averaged) level density:

�̄(�) = 〈�(�)〉 = 〈 1
#

#∑
9=1

�(� − � 9)〉,

〈· · · 〉 is the average over all random matrices involved

• � is the Dirac delta function

Aim of my project: finding the (averaged) level
density �̄=(�) of �= satisfying the recurrence

�= = �=�=−1�
†
= + 1#

with �0 = 1# and �= ∈ C#×# random.

Procedure
• Bijective relation between Green’s function �=(I) and �̄=(�) [1]:

�̄=(�) =
1
�

lim
&↘0

Im(�=(� − 8&)) and �=(I) =
∫ ∞

−∞

�̄(�)3�
I − �

• also bijective relation between �=(I) and R-transform '=(I) [2]:

'=(�=(I)) = I − 1
�=(I)

• Formula [3] for calculating '(I): {(�=)11:(1,1) component of �=}

lim
#→∞

1
#

3

3I
ln〈4#I(�=)11〉 = '=(I)

• Laplace’s method [4]: Consider � =
∫ 1

0
6(C)4#ℎ(C)3C.

Assume 6(2) ≠ 0, h(t) has unique global maximum at 2 and ℎ′′(2) ≠ 0.

⇒ � ∼
√

2�6(2)4#ℎ(2)√
−#ℎ′′(2)

as # →∞

Our random matrix models
• Unitary invariance: %(�=) = %(*�=)
for any unitary matrix * ∈ *(#)

• decompose E= = 4†1�= = | |E= | |4†1*
with 4†1 = (1, 0, . . . , 0) and * ∈ *(#)

• by unitary invariance

〈4#/(*�=−1*†)11〉 = 〈4#/(�=−1)11〉
• define -9 = (�9)11 = 4†1�941, .9 = 4†1� 9�

†
9
41

⇒ reduce to scalar recurrence

〈4#I(�=)11〉 = 〈4#I-=〉 = 〈4#I(
∑=
8=1

∏=
9=8 .9+1)〉

• unique maximum (.(0)1 , . . . , .
(0)
= ) ⇒

'=(I) =
=∑
8=1

=∏
9=8

.
(0)
9
+ 1

Laguerre
• probability density:

%(�) ∝ 4−#�)A(��†)(34C(��†))#�

• recurrence in �=(I):
(I − 1)�2

=(I) + ��=(I)
�

= �=−1

(
�(I − 1)

(I − 1)�=(I) + �

)

Jacobi
• probability density:

%(�) ∝ 34C(1# − ���†)#�(34C(��†))#��(1# − ���†)
• recurrence in �=(I):

(I − 1)�2
=(I) + ��=(I)
�

= �=−1

(
�(I − 1) +

�(I − 1)(1 + �)
� + (I − 1)�=(I)

)

Cauchy-Lorentz
• probability density:

%(�) ∝ 34C(1# + ���†)−#(�+�+2)(34C(��†))#�

• recurrence in �=(I):
(I − 1)�2

=(I) + ��=(I)
�

= �=−1

(
−�(I − 1) +

�(I − 1)(1 + � + �
� + (I − 1)�=(I)

)
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