Topic 2: Differential Calculus

We now move on to our next topic, differential calculus. This is a fun-
damental topic in calculus, and is the foundation for our next topics of
integral calculus and differential equations. All these topics have ma-
jor real-world applications, in science, engineering, economics and
the natural world.

2.1 Second and higher order derivatives
2.2 Implicit differentiation

2.3 Derivatives of inverse trigonometric functions
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2.1 Second and higher order derivatives [Chapter 3.3]
2.1.1 Second order derivatives

If f is differentiable at z, then the derivative f/(z) or mm may also
be differentiable at . We may then obtain the second derivative of
f(z), which is denoted f”(z). There are several different notations
which may also be used to denote the second derivative:

PV Y _drd .
'@ = — (@) = = (5-1@) =

QM
dz?

(£(=))

Example: If f(z) = az? + bz + ¢, find f'(z) and f"(z).
%V?\v\t Qo €k
ﬁ:?& =~ La
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2.1.2 Higher order derivatives

Just as we defined the first derivative of f at = to be f/(z), and
the second derivative f”(z), it is possible for some functions f to
continue taking derivatives f/(x), f®(z), and so on. Again, there
are several different notations for these higher order derivatives.

If f("—1)(z) is differentiable at = for some n € N then the derivative
F)(z) is given by

d

M) = — (1" @)

This is called the nth derivative of f.

. 6™ danv: o)) . (6)
@u m Nw&\ .m ?rv = .fw \uwv

- —

Example: Let f(z) = 2(e® +e7?) and g(z) = 3(e® —e7®).
Find f'(z), f"(x), ¢'(z) and ¢"”(z). What do you notice?

He)= A (e+e™)
Pz (e =) = 969)
Pz 4 (g4 e™) = §iw

qo)= Rl
ACE Al +e™) = A6

@:T\V < Pﬁﬁm\#l\m\(:.v = &?L
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Example: Write down the first five derivatives of f(z) = sinz .
)= Hinx
mv?\v = (O
m\_, (x) = =5
prln) = — w
EY(0) = s

V() T ocesa
t
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There are several kinds of problems that we can now solve using our
knowledge of higher order derivatives. Essentially, these problems
involve repeated differentiation and may involve any of the different
techniques we have developed for computing derivatives.

Example: Find a third degree polynomial P(x) such that P(1) = 1,
P'(1) =3, P"(1) = 6 and P"(1) = 12.

E\ 4?.&\\
S Pl = Zay” & Zhix €c

§vrw 4 rvra\ £ .¢L

1

Example: If f(z) = =, compute ', /, f/” and f* and use these
x

to write down a formula for the nth derivative, f(")(z).
-
Hoa= = »
J _ -
b = -x

BN~ & L

W:r ?Fv = — \P ) W Uﬁ\'*
Vi) = bax £ 25 S X
M= ) s + 2 LN
T i
@:&.v =\l ¢ L= ba = a=T 73 ?uk momﬁ. 75
B*(1y=6: 6= Ga(n 2 Lotk for ool
Z (L +1b A= , siga wedd . pou -
= = 72\ =) b=-3% o - { =
HOBE : A B | N
)= 3= 3a(1) + 2 (1) € ¢ 2 o 2 -3
= 6 - m + =) \hw 3 - L3 -4
4 . —C
mm&\\,“ | = Q/va.f rTv«.r c(t) to N.A\l! L3 . .v. —
= 2-23 &3 4d - n (-1y? at _ — (ne1)

=

wmy\v = Nv(.w\wx\,w < % —
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Additional questions

You can now attempt a selection of problems from 39 - 40 in Chapter
3.3 from the textbook.

First, we consider a much simpler expression from which we can im-
mediately write down an expression for the derivative mm. However,
for this first time, we will take a much longer approach to show that
there is an alternative way to arrive at the same result. The new ap-
proach is called implicit differentiation and allows us to write down
the derivative of complicated expressions.

Consider
2y=1 (2

In this case we could easily deduce

1 d 2
y(z) =-  andso Yo =2
T

provided z # O.
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2.2 Implicit Differentiation [Chapter 4.1]

Usually, to find the derivative mm we are given or deduce y as a func-
tion of = and apply our knowledge of differentiation.

Warning! Sometimes it can be impossible to write down an expres-
sion for y = f(x).

Example: Given z2 — zy + y* = 5, what is y(z)?
txu+u« = §-t

Y e+ ,uw )

,u = 7 V.

This is not immediately obvious and motivates the idea of implicit
differentiation.

'

S -t
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Let's now look at another approach. Consider (2). Even though we
have not written y = f(z) explicitly, progress can be made by as-
suming that y = f(z), where f is not necessarily known. That is,
we assume implicitly that y is a function of z.

After making this assumption, we can differentiate both sides of (2)
with respect to z.

d /5 d

- = (1

==Y =5®
Applying the product rule to the left hand side gives

2 2@ +y 4 (+7) =0

d
= HN|@+@.M8”0

dx
Then rearranging to make MW the subject gives:
dv_ 2y
dz =z
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This expression is in a different form o what we're used {o.

Previously, we have written mw in terms of z only. Notice that here
we have written mm in terms of both z and y.

For this simple problem, where we can obtain y as a function of z,
we can substitute this expression into mum. to obtain the derivative as
a function solely of z:
dy 2 271\ 2
== ()
which is the same as what we found the quick way.

Note: Usually when we use implicit differentiation, it will not be pos-

sible to obtain mm as a function solely of z, so we normally keep mm
written in terms of both = and y.
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Let’s take a closer look...

Let's look more closely at what's happening, through a different ex-
ample.

Example: If y3 =z, find % by implicit differentiation.
z

1. We have y3 = z.

2. Suppose that y is implicitly a function of z, y = y(z).
d 3, _ d
3. (7)==

Hmm... on the left hand side we need to differentiate y> with respect
to = (not y). How can we do this?

Recall that we have assumed that y is implicitly a function of z. So y>
is essentially a function of a function. The ‘cube’ function is applied
to y, which itself is a function of x.
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The above example illustrates the general procedure for finding deriva-
tives by implicit differentiation.

- General procedure for implicit differentiation

1. Start with an equation involving both z and y

Suppose that y is implicitly a function of =

2.

3. Take the derivative of each side with respect to «

4. Use the usual differentiation rules to simplify each side
m.

Rearrange to solve for mw
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We know how to differentiate such composite functions — apply the
chain rule! So:

d, 5, d, 3 dy
S0 =5 o

2. dy
dzx

The 3y? is the derivative of the outer function and the m_m is the
derivative of the inner function.

”w@

So... back to step 4:

d d
4. — () =—
(") = ()
5 32 Wy
dz
5. mMH{HI ...Done!
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Example: If y is considered to be implicitly a function of z, find the
following derivatives:

d - 4 A .
@ —@¢°) = .| 5) LL = Gty = oAy 3

d Ay 7 ok J A \ﬁ:q - k) Ty

d /. - ; -
(b) @Ams@vv = \\, T)S? v\gmmr = (ol V&MF =) W@. _ m L

(J Ax u e A & 3—
J

© S = 9) 22 I 4

dz = w\w (e v L. = e w

d ;
@ (loo®) = 2 (l () - L

‘ & u u v Wv U WM. Homework: If cos(y) = z2, :saa|

_dy 2z
See the pattern? AW e = ~Sin(y)
d_ﬁo\@ff% Wi \,Q%\QT +o @\ Han maldh) /_Q Umm mmw a7
&irfv ey
Let's return to our original problem. Here we cannot solve for y as a Example: If sin (log(y)) =2 a:qmwm o o
function of z, so implicit differentiation is the only way to find mm. 4 Y e u}%l vh.Nm«u
ol Sia (Lo, = h“,l \wh
Example: If 22 —zy+4y* =5, ﬂ_zam.w oh m ¢ u@:v dat m& v K
A .

A X. - X& :mu & m“v =D Nm h N APOQAQVVV‘WWM = aU’ _ 2" Ao
4 4.0 w,r
) Al v ) = A (s . Lo ooy s
= ;%myu yi.i 7 (5) o ws(lgly) 5 = 1=

- A . 3 J

NVP A x Mﬂﬂm&v + & mﬂm\ﬁyv + hm.u .WMIM.' bl
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Example: Find the equation of the tangent to the curve y —z* =15
at the point (1,2)

So«m\ of % bre

e g*
bt He oins (,2)
=) &%&nf

= 4
fq\g\

9 at the point (5, 4)

Homework: Find the equation of the tangent to the hyperbola
e — @M =
Answeri y — 4 = 3(z — 5)

PN

rl CAEE )= 2 i)

Additional questions
You can now attempt a selection of problems from 1 - 20 in Chapter
o AJ% v.\ JMHAN\ ; m«N_Wv 4.1 from the textbook
(
x@.\;« G mG, nTc = 0
4 .uw m — 4 Fu =0
Gyg = b - -




2.3 Derivatives of inverse trigonometric functions [Chapter 4.3]
So far we haven't discussed the derivatives of the inverse trigonomet-
ric functions, arcsin, arccos and arctan. Now, with our knowledge

of implicit differentiation, we are able to find these.

2.3.1 Derivative of arcsin

So we have found mm in terms of y but would like to express itas a
function of z.

From (3) we know sin(y) = z, but we need cos(y) in terms of z.

Since sin2(y) + cos2(y) = 1, we have

cos(y) = /1 —sin?(y)

(where the positive root is taken since y € [3, 5], so cos(y) > 0.)

= cos(y) dy =1
dz

dy _ 1

dz ~ cos(y) “
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Recall the arcsin function, which has domain [-1,1] and range 22
_x x}.
ﬁ 2 L. i Substituting this in (4) gives
2 MM B 1
dz ~ cos(y)
_ 1
-1 -1 : 1 1 —sin?(y)
1
= from (3)
_z| 1-22
2
93 95

We would like to find the derivative mm of

y = arcsin(z) ,

__— o
where z € [-1,1], y € Twn mg . So we have found the derivative of arcsin!
‘We can rearrange this to give
d 1
; — — { arcsin e for-1<z<1
sin(y) = = 3) g (i) = —— z

We can then use implicit differentiation to find mm”

d /. d

5 (sin@)) = (=)

We can add this to our list of standard integrals. However, if you
can’t remember this formula, remember you can always derive it in
the above way.
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First rewrite y = arccos(z) as
cos(y) =z 6

Example: Use the derivative of arcsin and the chain rule to find

d Am«nmmzﬁmavv
c

(@ —

dz
= A < S —
S (s o

(b) %la Am«nmm:?wvv
.Wvﬁf

\
. T *3x
J1= (23)* \—s

Homework: Find |a- Am_\nmm:@a -+ Cv .
dz

Answer: ——2—
s Vi-(2z+1)
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Then we find mm by implicit differentiation:

= (cos(w)) = 5-(@)

dx q
= —sin{y) Yo
dx
dy -1
= — e
dz  sin(y)
_ -1
V1 — cos?(y)

-1 from (5)

T2

Again, we have taken the positive square root above since y € {0, 7},

sosin(y) > 0.
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2.3.2 Derivative of arccos

Recall the arccos function, which has domain [-1, 1] and range

[0,x]: .

(=]
(SIS

We again use implicit differentiation to find the derivative mm of

y = arccos(z) ,

where z € [-1,1], y € [0, 7] .
98

So the derivative of arccos is:

-1
for-l<z<l1

.aala Aw_dnoﬂavv H U

Again, it may be useful to remember this formula, but if not you can

derive it like above.
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Example: If y = m«nnOmA v , find mm
x

\)
)

-
—

R RS

~\

%U\ n?
N 7 o
2
2

—1
q
e
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2.3.3 Derivative of arctan

Recall the arctan function, which has domain R and range Tm, &

ISTEES
. :

We now work out the derivative mm of
y = arctan(z) ,

wherez € R, y € Tw, ﬁ .
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X.\I\II,
{— % 75
_ —
&
2 & ,w,\vr
. d
Homework: Find — Am«nnOmAmavv )
. dx
Answar: ——o
Vi-e
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y = arctan(z)
= +§> u =
A = 4
ohc T\x\r@ ) = ot m\,r\

= hm\ONU mU, = _

P
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SR R—

1
Hmo/.u

L R

[

—
-

So the derivative of arctan is:

Example: If f(z) = (1 + z?) arctan(z) , find f'(z).
Pla= (\ex*) - Tox 4 actax - e

- | £ U avetam oo

Example: If f(z) = y/arcsin(z), find f'(z).

d 1
— mﬂnﬁm:?vv =—— forzeR
3 ( 1+22’ | |

_ —— e

wl- 3
F') x
2 Jevesivin y— It
- 2\ aresmac /M ="
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Example: If f(z) = arctan Aﬁv , find f/(z).
O \ x
+ (=) S
s
= / (2ot X W.x
2 o (e S Additional questions
(2g -
s
2< 2 You can now attempt a selection of exercises from 33-48 in Chapter

“ l\x \.
N\j,? NNX.\;,\ >

{O
W
T+ On)”

Homework: Find - Amﬂn.ﬁm:@mvv .
5t dx
T

Answer:
14 z10
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4.3 in the textbook.
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