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Introduction Model

. ) ) Suppose there k ways to fill out a ballot. Then we can model the ballots received as a k-dimensional
Arecent StUdy |_ntroduced hypOthetlcal elections vector g = (py, ..., i), With each component non-negative and Y%, p; = 1. Each p; is the proportion of
where one candidate slowly accumulates a ballots of type i received. 5 determines which candidate wins. We also limit voters to put a maximum of
majority of the votes as their opponents get 3 preferences to significantly reduce the number of dimensions of p (the analysis in [1] does this too).

eliminated [1]. Such a scenario can occur under Method

- c c Scenario M: Ballot distribution
the p_refe_rentlal votl_ng system._T_hls t_ype of First we choose a value of n (number of ] =1 ’ for Senario .
election is challenging for statistical inference candidates) and an initial proportion (Scenario M (5] 1
and hence difficult to verify the election result. or N). The n candidates are 4, B, Cy, Cy, ..., Cp—3. n
[C;,B] ==foreach1<i<n-2
Next we perform a large number of Z
In this project, we explore these ‘pathological’ random trials (100000+). In each trial, Scenario N: Ea”gt diSt_ribmtion
- - - . = . _ 1 O_F cenario N,
scenarios analytically and through simulations. L, SHEEEELe ¢ € W), Bl 4 = o
. . . 2. Uniformly sample € = (&4, ..., &) [B] =—
The simulations evaluate the winner of the on the set {TX_ &, = 0, [|€]| = r =21
hypothetical elections after a small perturbation Bch Componle}ﬁ of 7 + & is non- [Ci,B] = z(nl_l) foreachl<i<n-2
of the ballots has been performed. neQatiV‘?} _ ||1€|| represents the size of the perturbation. We will try both:
3.  Determine the election result for 1-norm (Manhattan distance): 118]l; = £, |l and
the vector p + €. 2-norm (Euclidean distance): [1€]]2 = ?:1 e?

Why pathological?

We look at elections where almost every voter is of one

of three types: ReSU ItS

L. [A](Only puts one preference: Candidate A) Only the results using Manhattan distance are shown, since using Euclidean distance yielded

2. [B] (Only puts one preference: Candidate B) .. .
3. [C, B] (Puts two preferences: First preference is some other very similar results. In both scenarios we test all n from 3 to 18.

candidate not A or B, then second preference is Candidate B) Scenario M

In addition, assume that the numbers of [B], [Cy, B], 1.0 In scenario M, it
[C,, B],...etc. are approximately equal. ) gz appears that the win
If B is eliminated before any C is eliminated, then the 5 07 A wins rates are as f_OHOWS:
election result will be determined by the ballots’ first 5 06 B wins Win rate
preferences. However, if any C is eliminated while B =0 anycwins | A | 1
remains, then B receives that eliminated C’s votes, and § e 1/(n(n-1)) n(n—1)
now B is no longer at risk of being eliminated (until the & 02 (n-2)/(n-1) B n—2

final two). B eventually accumulates all the votes from 0.1 1/n n—1
0.0

all C’s as they get eliminated. . . 0 - 2 Any C 1
. Number of candidates n
Visualisation >eearion
1.0
In scenario N, it
(for 3 candidates) 09 o
: i appears that the win
In [2], Eggers introduces a diagram for describing the 2 0% Awins PP .
: : : : S 07 rates are as follows:
winner of a 3-candidate election as a function of a, b, c. S , :
. . o 06 B wins Win rate
These are the proportions of first preference ballots £ 05 . —
candidates A, B, C receives respectively. With the situation £ o4 1- —
. . . .. o * 1-(n-2)/(n(n-1)) n(n—1)
mentioned in the above assumptions, this diagram becomes: S 03 . 5
A o n-
) gj (n-2)/(n(n-1)) a(n-1)
0.0
0 5 10 15 20

Number of candidates

Interpretation of results

n-—

n—1

o n—2
On the right . 1 [Bwns | :
oo a A — Awins wins with
?re p(;pbablllty ) e - e
~ N
N'=(a=1/2, b=1/4, c=1/4) ree _I a_grams’ 1 L Ahas the : 1 Scenario N —)- we=
explaining the e = =D o 2
. eliminated | ,, _ o 3 y " B wins | ¥ ——=_
A cbove win 2 Era =
£ rates an = :
A diagram for determining the winner frends e P > Buins | 2 (and o5 a result,every G gols
. . ) ; . e eliminated and their votes go to B)
To use this diagram, take a weighted average of the points B wins with probability " and any C wins with probability

A, B, C with weights a, b, c and mark this point on the

diagram. The region it falls into tells us which candidate

wins (or which candidates are tied). References
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