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Introduction

In category theory, there are two types of monoidal (tensor) categories: the ’strict’ and the ’relaxed’.
The difference between them is whether the ’strict’ equality sign is relaxed or not in different
‘coherence conditions’. ’Associators’, the ones that satisfy one of the relaxed coherence conditions
(pentagon identity), play important roles in classifying the relaxed monoidal category. Therefore,
the main purpose of this poster is to study a way to classify associators in a rather special type
monoidal category, that is constructed from a finite abelian group G, with one ’non-invertible’
object N, which behaves ’strangely’ under the defined tensor product:

» g®h=gh

>» NR@g=N=goN

| 2 N®N: @gGG\{N}g

Monoidal Category

A monoidal category is usually denoted as (C, ®, E, a, A, p)[2], the following explains each
components:

A category [2] is just a directed graph with vertices being objects set (O) and directed edges being
the set of morphisms(:A) between objects with composition rules between arrow and identity
function id : O — A, A — ids, where id4y € Hom(A, A), that then needs to satisfy two axioms:
Associativity of composition and existence of left and right identity morphism for a morphism.

A Tensor product [4] could be intuitively thought of as a defined process of ’fusion’ between two
mathematical objects.

Coherence Condition:

Associativity: ’strict’ tensor categories require (A® B) ® C = A® (B® C), while ’relaxed’ ones
relax to require the two above equal up to a natural isomorphism, which we call an ’associator’:

aspc: (A®B)®C=AQ® (B®C)

the coherence condition that all associators need to satisfy is called the pentagon equation or
pentagon diagram:[2]

aaB,c®idp

(A®B)® C) @ D28 (A0 (B® C) ® D 22X A® ((B® C) ® D)

XAR®B, C,D\L \Lid A®aB,CD

(A® B) ® (C® D) > A® (B® (C® D))

XA,B,C®D

Unit law: Any tensor category needs to have a 'tensor unit’, we define as E and satisfaction of this
axiom gives rise to two natural isomorphisms, left and right unitors A, p:

ME®QA=A py: AQE=A

the coherence condition that each pair of unitors needs to satisfy collectively with any associator is
called the triangular diagram:

O AEB

(A®E)®B > A® (E® B)

de idj“@’./

A®B

Vecg

Vecg, the category with objects being G-graded vector spaces and morphisms being
grade-preserving linear maps, where G is a group. We denote each G-graded subspace as S, = K,
and G-grade-preserving property of mapping allows Hom(S,, Si) = 8, 1K, where § is the
Kronecker delta functiond.

As a result, by the pentagon equation in the last section and defining a projection isomorphism
mapping id ® 0 — w and w ® id — o, the pentagon equation is

w(g, h kl) o w(gh k,1) = w(h k1) o w(g, hk, 1) o w(g, h, k)

Moreover, if we have w; and w; both satisfy the pentagon equation, we can prove that their product
is commutative and also satisfies the pentagon equation

Moreover, the coherence condition resembles something called ’coboundary’ condition in group
cohomology, therefore, We now introduce the set of 3-cocycles, Z*(G, K*)[3], which is indeed the
set of all functions satisfy such condition, very much mimics the pentagon equation: Based on the
fact that K is a field and the commutative property of the product of associators, we can assert that
Z3(G,K*) is an Abelian group.

Next, we will focus on a subset of Z° that is constructed from some arbitrary function

f:GXG— KX suchthat w: GXGX G — KX, w(g, h k) = %%,thesetofthesewsnsthe

same as subset B*(G, K*) of Z?, called the set of 3-coboundaries. As a subset of Abelian group Z3, it
is abelian and a normal subgroup of Z3, which implies the existence of quotient group Z°/B
Equivalence Classes and Basis changes in Hom(S; ® Sy, Sg1)

it is not hard to discover that equivalence classes in quotient group Z>/B® govern the relationship
between Bégh’k) and B;g’hk) if we dig deep into the subtly from S(ex)x and S,(n) And, we find out
that H*(G,K) := Z°(G,K*)/B*(G,K*) called the third integral group cohomology of group G and

(KX, X) in group cohomology.

Acknowledgement

| extend my sincere gratitude to Dr. Thomas Quella for his invaluable patience and guidance during
my Maths and Stats Vacation Scholarship. | am immensely grateful to the Department of
Mathematics for granting me this opportunity to further my academic pursuits.

Reference

[1] Bojko Bakalov and Alexander A Kirillov. Lectures on tensor categories and modular functors. Amer-
ican Mathematical Society, 2001.

[2] Saunders MacLane. Categories for the Working Mathematician. Springer Science Business Media,
Nov. 2013, pp. 1-13, 16-19, 31-45, 55-62, 161-174, 251-263.

[3] Saunders Maclane. Homology. Springer-Verlag, 1995, pp. 8-28, 42-44, 54-57, 103-105, 121-131.

[4] Shlomo Sternberg. Group theory and physics. Cambridge University Press, 2003, pp. 1-97.

Classification of Monoidal Category

Case |
We are looking at w(g, h,I) € Hom((g® h) ® , g ® (h® I)) = K* with pentagon equation below:

w(h k1) ow(g hk, 1) ow(g h k) =w(g h kl) ow(gh k1) (1)

Case ll

The tensor product result is consistent if we have on N in triplet regardless of the position of N,
and we define a new class of associators: ¢ €€ Hom(N,)N) = K* and more specifically, there are
three ty (pes of associators under this class:

(g, h) € Hom((g® h) @ N, g® (h® N))
gb(z)(g, h) € Hom((g® N) ® h,g ® (N ® h))
» ¢® (g, h) € Hom((N ® g) ® b N ® (g ® h))

Because the set of equations is highly symmetric, we will only display 2 diagrams

x<\w/ K&V t W

+ig.h)

W“ﬁ h) CF})\)\/% r»)
12 ﬂ b Nf_(i L N {lh)ff N d h
¢V (g WV (Lghw(L g h) = ¢V (L g)p™ (Ig, h) (2)
3 (g, P (L h) = ¢ (Ig, h) (3)
3 (L g (L g) = P (1 gh) (4)
o(Lg e (g g™ (Lg) =P (L gh)¢™ (g h) (5)
Case llI:

Define € Hom(€H 2eG\(N} & @heG\{N} h) = KI¢l and one shoudl notice ¢’s are diagonal matrices
» yW(g ) e Hom((g®N) ON,g® (N®N))
> @ (g ) € Hom(N®g) ® NN ® (g @ N))

» (g, ]) € Hom((NON)® &, N ® (N ® g))
I will only display 2 diagrams[1]
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¢ (g Wy® (gh D¢ (g h) = v @ (g Dy'? (h 1) 8)
Y (h g No(g g L Yy (g InY) =y V(g Dy® (h 1) (9)
@ (g hy@ (g ") =y (g ) (10)
¢ (g, Wy (h )y (g, 1h7") =y (gh Do (I g, g h) (11)

Case 1V: Due to various considerations, we define a new class of associators
a = Ypec\iny B(h k) € Hom((N @ N) @ N, N ® (N ® N)) where his in the source triplet and k is
the choice made in the target triplet, which is fixed. Then

YO (kg g)¢® (k g)B(h k'g) = B(h K)$P (h, g) (12)
¥ (g, k)B(hg, )y (g, hg) = p(h k)™M (k. g) (13)
v (g kg)B(h ke)y'? (g h) = ¢ (g, k) B(h k) (14)

Bg ' h kM (g gy (g h) = ¢ (g k)B(h k) (15)

Case V: This case has 4 N involved in the pentagon equation.

K ; Swee¥lny
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2 B D (K, DBk ) = 8y (WL DY D (k) (16)
hl
By choosing suitable trivial basis changes, we can simplify the systems of equations, and solve to
get:
> w=1¢'=¢=1,¢=y'=1
> $P=yP=(F:GxG— KY)

> Blee)? Xy oD (W, h k™) = 5h 11k and ﬂ(e )’ Y P (K, e) =1
= B(e,e)?|G| =1= B(h k) = ov, where y* = |G|™!
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