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Our project investigated ideal triangulations of cusped, hyperbolic 
2-manifolds and their maximal equal area horosdisc packings. 
 
Background: 
 
In the Poincaré Upper Half-Space Model for hyperbolic geometry, 
𝑯! = {(𝑥,𝑦,𝑢) ∈ ℝ!  |  𝑢 > 0} with metric 𝑑𝑠! =    !"

!!!"!!!"!

!!
 : 

 The geodesics are vertical lines and semicircles that are 
orthogonal to the boundary 

 𝜕𝑯! = {(𝑥,𝑦,𝑢) ∈ ℝ!  |  𝑢 = 0} ∪ {∞} 
 The planes are vertical planes and Euclidean hemispheres 

that intersect the boundary orthogonally 
 The ideal convex polyhedra are solids bounded by polygons 

with vertices on 𝜕𝑯!, such that the geodesic connecting any 
two points on the boundary of the polyhedron lies inside it 

 
Consequently, the boundary of a convex polyhedron can be 
thought of as a punctured sphere with a hyperbolic metric.  
 
Figure 1: Each puncture on the sphere becomes a vertex of the polyhedron 
 
 

 
 
 
 
 
 

Typically, each face is an ideal triangle, with total area = 𝜋. 
 

Figure 2: An ideal triangle     Figure 3: Horospheres in 𝑯! 
 

 
Horospheres are hyperbolic spheres that are tangent to the 
boundary, 𝜕𝑯3. They look either like Euclidean spheres that are 
tangent to the boundary plane, or like Euclidean planes parallel 
to the boundary plane. The interiors of horospheres are horoballs. 
 
If we centre a horosphere at each of the vertices of a convex 
polyhedron, their intersections with the boundary of the 
polyhedron will consist of horocycles (hyperbolic circles that are 
tangent to the boundary, 𝜕𝑯!) on each of the ideal triangle faces. 
The interiors of these horocycles give us our horodiscs. 
 
 

 
 
 
 
 
 

 
The main goal of our project was to find a positioning of the 
vertices, for a given number of punctures, that maximised the 
ratio of the area covered by the horodiscs to the total area of the 
surface, without the horodiscs overlapping. Additionally, we 
worked with the constraint that each of the horodiscs needed to 
cover the same area. It is known that the maximum possible 
value for this ratio is !

!
 and that, in the equal area case, this is 

only achievable for 3, 4, 6 and 12 punctures. For other values, 
the maximum is not known. 

Our Approach: 
 
Since it is simple to show by the Gauss-Bonnet Formula that the 
hyperbolic length of one of the horocycles is equal to the area of 
its horodisc interior and the hyperbolic area of any 𝑛-punctured 
sphere is 2𝜋(𝑛 − 2), we generally talked about the maximum 
possible sum of horocycle lengths around a single vertex, L, 
rather than the ratio of areas mentioned above. 
 
The majority of our time was spent examining the 5-vertex case, 
for which we quickly came up with a conjectured maximum. At 
this point we went our separate ways, with Emma working on a 
proof of this conjecture while Curtis spent time pondering 
algorithms for finding critical points of the non-convex functions 
that arose in our calculations. Along the way we also gave some 
time to thinking about what lower bounds could be established in 
general, and the research experience was brought to a close with 
some last-minute consideration of the 7-vertex case. 
 
Our Results: 
 
Our conjectured maximum for the 5-vertex case is a length of 
𝐿 = 2 3 ≈ 3.46 for each vertex. 
 
For larger values of 𝑛, a lower bound of 4 can be established with 
minimal effort. After 𝑛 = 12, this lower bound can be increased 
to 5 via local retriangulations. 
 
For the 7-vertex case, a small permutation of the arrangement 
yielding a length of 4 will give larger lengths, the largest so far 
being 16.57.  
 
The Research Experience: 
 
Our project was quite unlike our undergraduate mathematics 
educations - it was more of an exploration or investigation than a 
well-defined question to be solved, and associated with this were 
a few challenges. We looked at the problem from so many 
different directions, there were frequently times when we were 
hard-pressed to keep all the parametrisations, variables and 
symmetries (not to mention how they related to each other!) 
straight in our heads. 
 
And yet our amazing supervisors Craig Hodgson and Neil 
Hoffman were incredibly supportive throughout, not just during 
our daily meetings but in answering all our questions and 
straightening out our confusions often multiple times a day. 
There’s a tremendous amount of freedom in mathematical 
research, as we discovered firsthand, and Neil and Craig found 
just the right balance between guidance and just leaving us to it. 
We went from being unable to conceive what it is that maths 
researchers do all day, to having hitherto unpublished results of 
our own. 
 
Along the way we also learned the basics of using LaTeX, the 
golden standard for typesetting mathematics, and utilised 
Mathematica to aid our investigation and make some illustrative 
diagrams. 
 

 
All in all, our Vacation Scholars research project was an 
invaluable and eye-opening experience. We thoroughly enjoyed it 
and would recommend it to anyone.

Equal Area Horodisc Packings On Convex Ideal Hyperbolic Polyhedra 

Figure 4: A horosphere 
centred at one vertex of a 
tetrahedron. The 
horocycles of intersection 
are shown in blue and the 
horodiscs in green. 
 

Figures 5-6: 
Plots in 

Mathematica 
 


