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Introduction

Biological systems such as gene regulatory networks are in-

herently stochastic, with discrete reaction events driven by

low molecule counts. Parameter inference is challenging be-

cause standard automatic differentiation[1] cannot differentiate

through these discontinuous random jumps.

Figure 1. Illustration of gradient estimation failure in stochastic programs.

Independent stochastic executions lead to divergent computation paths,

making finite-difference gradients unstable. Reproduced from Arya et al.

(2022) [2].

Recent work in differentiable programming addresses this gap.

Arya et al. (2022) [2] introduces stochastic automatic differenti-

ation (StochasticAD), which enables gradients to be computed

directly through programs with discrete randomness. We apply

these ideas to infer parameters in a stochastic gene expression

model and evaluate its performance.

Background

Gradient Estimation in Stochastic Simulations

A common method to estimate gradients is finite-difference

(FD) estimation: ∂L
∂k ≈

L(k+ε)−L(k)
ε , but FD gradients suffer from

a bias–variance trade-off: small ε yields low bias but high vari-

ance, while large ε reduce variance but lead to high bias.

In practice, reducing this variance typically requires averag-

ing finite-difference gradients over many Monte Carlo samples,

substantially increasing the computational cost of optimisation.

Figure 2. Variance of gradient estimates versus finite-difference step size ε.
Both uncoupled and coupled finite differences exhibit rapidly increasing

variance as ε→ 0, while StochasticAD maintains bounded variance

independent of step size.

These limitations motivate the use of StochasticAD, which

avoids finite-difference tuning by propagating gradients directly

through stochastic simulations.

The Model

We model Constitutive Gene Expression, a fundamental birth-

death process representing protein production and degrada-

tion. The system consists of two elementary reactions:

1. Translation (Birth): ∅ k−→ P (Production of protein P at rate k)

2. Degradation (Death): P
γ−→ ∅ (Decay of protein P at rate γ)

At steady state, P ∼ Poisson
(

k
γ

)
with mean µ = k

γ .

This analytic solution provides a ”ground truth” to validate our

computational inference pipeline.

Methodology

To make the system amenable to Automatic Differentiation

(AD) while preserving stochasticity, we used a Discrete-Time

τ -Leaping Approximation Algorithm.[3]

The Simulation Algorithm

Time is discretised into fixed steps of∆t. The stateXt (integer

protein count) evolves as follows:

1. Births (Bt) The number of production events in ∆t is
modeled as a Poisson random variable

Bt ∼ Poisson(k ·∆t)
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2. Deaths (Dt) The number of decay events is modeled as a

Binomial random variable

Dt ∼ Binomial(Xt, 1− e−γ∆t)
3. Update Rule:

Xt+1 = Xt + Bt −Dt

Figure 3. Discrete-time τ -leaping simulation of gene expression.

Stochastic birth and death events generate noisy protein trajectories

that fluctuate around a steady-state mean set by k/γ.

The Inference Problem

We assume that the observed data provide a target steady-

state mean protein count µobs. We wish to infer the model

parameters θ = (k, γ) such that simulations of the stochastic

model reproduce this observed mean.

Let µ̂(θ) denote the empirical mean protein count calculated

from the simulation trajectory after discarding a burn-in pe-

riod Tburn. We formulate parameter inference as the minimi-

sation of the loss function:

L(θ) = (µ̂(θ)− µobs)2

We then use StochasticAD to compute unbiased gradients

∇θL through the simulator, and we optimise θ = (k, γ) using
the following update rule:

θi+1← θi − η∇θL(θi)
where i denotes the iteration index and η is the learning rate.

Results

The Identifiability Problem

Across random initialisations, our optimisation converges to

different parameter pairs (k, γ) that all reproduce the ob-

served steady-state mean.

Figure 4. Top: parameter convergence trajectories during optimisation.

Bottom: corresponding loss evolution. Optimisation converges to

different (k, γ) pairs with identical steady-state mean µ = k/γ.

This reflects a fundamental parameter identifiability issue:

since the steady-state mean depends only on the ratio µ =
k/γ, there are infinitely many parameter pairs (k, γ) that yield
the same observedmean. As a result, different random initial-

isations may lead to different (k, γ) pairs satisfying k/γ = µobs,

but not necessarily the true parameters, even though optimi-

sation successfully minimises the loss.

Solution

In many biological systems, the degradation rate γ can be

measured independently (e.g. via protein half-life experi-

ments) or obtained from prior experimental studies. There-

fore, to address this identifiability issue, we fix γ as its true

value and perform univariate optimisation over k only.

Results

To evaluate the proposed approach, we first generate syn-

thetic data from the constitutive gene expression model with

known ground-truth parameters (k∗, γ∗). Then by fixing γ =
γ∗, we inferred k bymatching simulated and observed steady-

state means using stochastic gradient descent and theAdam

optimiser [4], both driven by gradients obtained via stochas-

ticAD.

Across random initialisations, the optimiser consistently re-

duced the loss and converged to values of k close to the true

parameter.

Figure 5. Top: parameter convergence trajectories during optimisation.

Bottom: corresponding loss evolution. The value of k converges close to

the true value of k

The optimisation exhibits smooth and stable parameter tra-

jectories despite intrinsic stochasticity in the simulator. The

loss decreases steadily before plateauing, indicating that the

inferred parameter reproduces the observed steady-state be-

haviour.

In contrast, joint optimisation of (k, γ) (Figure 4) converges

to different parameter pairs and exhibits sharp ”spikes” and

pronounced volatility in the loss trajectory. By fixing γ, this
instability is removed, resulting in faster and more consistent

convergence across random initialisations.

Overall, we show that StochasticAD enables stable, gradient-

based optimisation in discrete stochastic simulators, provided

the inference problem itself is identifiable.

Conclusion and Future Directions

This work illustrates how differentiable programming can bridge

stochastic simulation and gradient-based inference in biological

systems with discrete randomness. By embedding a stochas-

tic model directly within an optimisation loop, we demonstrate

a practical workflow for treating simulators themselves as dif-

ferentiable objects, a paradigm central to modern scientific ma-

chine learning.

Future directions may include:

Use temporal dynamics: Fit full time-series data rather than

steady-state means to distinguish (k, γ) via relaxation
timescales.

Incorporate variance or autocorrelation: Higher-order

statistics or temporal correlations provide additional

constraints.

Regularisation and priors: Include prior knowledge about

biologically plausible parameter ranges

Multi-observable data: If additional measurements (e.g.,

mRNA levels, protein degradation rates) are available, the

system becomes identifiable.
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