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Motivation

Much research has been done on popula on-size-dependent birth-death processes, as well as

on branching processes. Here I have focused on con nuous- me two-type popula on-size-

dependent branching processes (PSDBPs). These types allow us to account for differences in

the birth and death rates which may arise due to geographical differences. The aim of this re-

search is to characterise the carrying capacity for these processes and es mate parameters for a

given model.

Population-Size-Dependent Branching Processes

Since there are two types, the state space for these processes is S = Z2
≥0. There are six possible

transi ons for a given (i, j) ∈ S

Birth: (i, j) → (i + 1, j) with rate λ1(i, j), or (i, j) → (i, j + 1) with rate λ2(i, j).
Death (i, j) → (i − 1, j) with rate µ1(i, j), or (i, j) → (i, j − 1) with rate µ2(i, j).
Dispersal (i, j) → (i + 1, j − 1) with rate m2→1(i, j), or (i, j) → (i − 1, j + 1) with rate

m1→2(i, j).

Whenever a given type’s popula on is 0, the corresponding birth, death, and dispersal (out of

that popula on) rates are also 0.

Model Selection

The models I considered were:

Verhulst: λi(z) = γi(1 − αizi)zi, µi(z) = νi(1 + βizi)zi, for z ∈ S, i ∈ {1, 2},

Ricker λi(z) = γizie
−(αizi)ci, µi(z) = νizi for z ∈ S, i ∈ {1, 2}.

In both models, the dispersal rates were mi→j(z) = mz2
i .

Figure 1. Ricker model simula on. γ1 = γ2 = 2, ν1 = ν2 = 1, c1 = c2 = 1, α1 = 0.03, α2 = 0.0085, m = 0.001

Verhulst pros:
the trajectories follow logis c growth and fluctuate around the carrying capacity approximately evenly.

Verhulst cons:
1
α is a hard cap on the birth rate and so the popula on never exceeds this value, real popula ons may not

behave around the carrying capacity like in this model.

Ricker pros:
approximately follows logis c growth, sharp declines occur a er exceeding the carrying capacity by too much.

Ricker cons:
sharp declines may not be realis c in some popula ons.

Carrying Capacity

A key figure in popula on-size-dependent birth-death processes is the carrying capacity. In a

single-type process it is defined as the value K ∈ R such that for birth rate λ : R≥0 → R≥0 and
death rate µ : R≥0 → R≥0, we have λ(z) > µ(z) if z < K, and λ(z) < µ(z) if z > K. This value
can be calculated by solving λ(z) = µ(z), z ∈ R≥0.
In a two-type PSDBP, finding these values is however not as straigh orward due to the transfers

between types. I found:

1. Star ng with the system of differen al equa ons for the determinis c analogue of our

process,

dx

dt
= λ1(x, y) − µ1(x, y) + m2→1(x, y) − m1→2(x, y), (1)

dy

dt
= λ2(x, y) − µ2(x, y) + m1→2(x, y) − m2→1(x, y). (2)

2. The equa on dx
dt + dy

dt = 0 can simplify to

λ1(x, y) + λ2(x, y) = µ1(x, y) + µ2(x, y). (3)

This equa on is the total popula on analogue of the birth-death process carrying capacity

equa on. Points (x, y) ∈ R2 which are solu ons to this equa on may not necessarily be the

carrying capaci es, however the carrying capaci es will be a solu on.

3. We can then let Equa ons (1) or (2) equal 0 and use them, alongside Equa on (3), to give us

two equa ons with two unknowns, and therefore being able to solve for the carrying

capaci es.

0 25 50 75 100

25

50

75

100

(a) Vector field and corresponding equal birth and death

curve for a Verhulst model.
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(b) Vector field and corresponding equal birth and death

curve for a Ricker model.

Estimation of Parameters

We can use the exponen al of the generator matrix, Q, of the PSDBP to determine the transi on

probabili es, P (t) = eQt, where P (t) is the probability transi on matrix of the process at me

t ∈ R≥0.
Due to the state space being infinitely large we need to truncate this matrix in order to perform

computa ons with it. Unfortunately this method is quite slow, and since to perform es ma on,

we need to perform these computa ons for many values of parameters, other methods are re-

quired. The method I chose was to simulate N runs using a choice of parameters, taking their

average, and op mising the parameters using least square methods.

A black robin from Ranga ra island. Two black robins from Ranga ra island.

Figure 3. Photos by Melanie Massaro.

Application to Black Robin Population

Using data from [2] as well as addi onal data, I have fi ed a Ricker model to the yearly popula on

counts of female black robins in two sec ons of Ranga ra island.

Figure 4. Es mated means using Ricker model for bird popula ons with 95% confidence intervals.

According to the final model the es mated carrying capacity for the top bush was 28, and 68 for

the woolshed bush. Addi onally the dispersal rate parameter from the top bush is 5.7 mes larger

than that from the woolshed bush.
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