Generative models for data with measurement error

Introduction and motivation

= Most statistical methods are designed for error-free data,
while lots of real data is measured with errors.

= For example, the U.S. national nutritional surveys
traditionally have used the 24-hour recall (24HR) to collect
information on food intake.

= This relies heavily on consumers’ self-reported behaviours,
and often fails to measure true usual intake of nutrients in
the population precisely.

* |gnoring measurement error can lead to incorrect
conclusions, which can negatively affect health policies and
treatment guidelines (Figure 2).

* This study aims to develop a nonparametric approach for
modeling diet-outcome relationship that corrects for
measurement error.

Setting

For individual ¢ on day j, i = 1,..,n; j = 1,.., J;; let W;; and
X, denote reported 24HR intake and latent individual mean
intake, respectively. Let Z; be a vector of covariates measured
without error.
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Figure 1. Marginal distribution for W and X
Wij =X;+ Uij; E (UU|XZ) = 0. (T)

Density

For the classical measurement error model (1), the latent ran-
dom errors U;; reflect daily intake variations and other sources
of errors.
Xi = f(Z,eu)
Usij = g (e2i))

€1; ~~ N (0, 1)
621']' ~ N (O, 1) 5

where f and g are unknown functions. The objective here
is to learn the distribution of X|Z and U nonparametrically
from the noisy replicated measurements.

Outcome model

Let Y denote a health outcome possibly related to the usual
intake X* = E (X|Z) through the regression model

Y,=H (X}, Z,¢€),

where ¢; ~ N (0, 1) is the noise, and we aim to learn this diet-
outcome relationship.

We observe (Y;, W;, Z;);_, where W; = (W, ..., Wiz’

Naive approach

—~naive

If we regress Y; on X7 =W, =+ Z;.]i:l Wi, then our esti-
mate for H is biased (Figure 2).

Simulated data (X;, Y;)
81 Naive: slope = 0.522
- Corrected: slope = 0.873 2
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Figure 2. Naive approach v.s. Correcting for measurement error

Here, the underlying true relationship is

Y =—-094+088X*+¢, e~ N(0,04%).

The naive approach grossly underestimates the slope (attenua-
tion bias), whereas our approach that learns the distribution of
X|Z produces better estimate.
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Results and discussion

The distribution for U is identified through observed contrasts
of replicated measurements. Contrasts are defined as

Dijk:Wij—Wik:Uij—Ui for j#k‘,j,k‘SJZ

Let the characteristic function for W, X|Z, D, and U be denoted
as pw (1), vx (t), pp (t), and @y (1), respectively.
To ensure identification for X |Z and U, we assume

1. Uj; are independent of X; across all 4, j

2. U;j; are independent identically distributed (i.i.d.) across all
i, 7; with number of replicates J; > 2 fori=1,...,n

3. The distribution of U is symmetric around O
4. oy (t) # 0 forall t € R (Non-vanishing)

Based on the definition of contrasts, and conditions 2, 3 and 4,
2
op (t) = eu (t) v (—t) = |eu (1)]

— v (t) =ep(t) (pv(0)=1).

Based on the error model (1), and conditions 1 and 4,

ow () =ox () v (t) = ox () =ow () /eu (1)

Therefore, the distribution of X|Z and U can be identified
through observed D and W.

Methodology

The distribution of U, X|Z and Y| (X*, Z) can be recovered
through generative models learning using scoring rules.

Energy score loss

The energy score is a strictly proper scoring rule that measures
the accuracy of probabilistic predictions. Let P denote the true
data-generating distribution and Q be a predictive distribution.
let A ~ P and B, B’ u Q. The energy score of Q under P is
defined as

, (1)

J/

BS(Q,P) = E||B ~ Al — E||B - B

prediction spread

prediction error

where || - || denotes the Euclidean norm.

Let {A;}', be iid. samples from P. For each i, let
{Bi1, ..., By} be iid. samples from @ with m > 2, indepen-
dent of A;. Empirically

ES,m(Q, P)

1 n 1 m 1 m m

Generative model learning for U

The symmetry property (condition 3) for U is enforced by con-
struction to ensure identifiability:

g(e2) = G (ea) — G'(—ea).

Model class: Mg = {G (e2)}, where G (ez) are parameterized
by neural networks, and optimized by gradient-based methods.

Let D denote the true distribution for observed contrasts, then
the objective loss function egs is derived from ():

(75(G, D) =E|[{g (") — g (")} - D
~ SEl{o () — g ()} ~ o (87) — o (")}

where egl), eg), 6&3), egl) w N(0,1). Let

G ¢ in (24(G, D).
arg min Ly5(G, D)
Under correct model specification, we have

§(€2) = 6(62) — é(—ez) 4 U.

Generative model learning for X |Z and Y| (X*, Z)

Similarly, the distribution of X |Z is learned through matching the
distribution of W with f(Z,e;) from a model class M :

Ups (1, W) = E|[{f (Z,e1) + glea)} = W]
~ SEIF (Zen) +ale)} — {£(Z,60) + ()} ]|

After learning a generator f € arg minge g, fés(f, W), estimates
of X* can be obtained through Monte Carlo sampling from 7.
Finally, a generator H for the full distribution of Y| (X*, Z) is
learned in the same way, by matching the distribution of Y with
H ()? Z. e).

We set up our simulation with nonlinear relationships de-
signed to reflect realistic dietary intake studies. For the pur-
pose of illustration, Z is simulated as a univariate variable.

Latent intake. The latent individual mean intake X depends
on Z nonlinearly with additive noise:

X; = 3tanh(Z;/3) + 6 4 0.7ey;, el ~ N (0,1).
Measurement error. Observed intakes are contaminated by
Laplace measurement errors:

‘/Vij =X, + Uij, Uij ~ Laplace (0, 25/\/5) .
Outcome. The health outcome Y depends on usual intake X*
through a nonlinear cubic relationship,

Y; =20 - 02X+ (X —6)> +4¢;, &~ N(0,1).
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Figure 3. Diagnostics: (a) Measurement error U. (b) Latent intake X |Z
and its conditional mean X*. (c) Y| X* learned by H. (d) Difference
between estimated and true conditional mean.

» Based on the diagnostics, our generative models learning
approach seems to recover the full distribution of U, X|Z,
and Y| X* well from the generated samples.

= However, the predictive distribution H ()/(\*,Z, e) slightly
deviates from the true distribution near the boundary of
supp(X™) (Figure 3(d)).

= A potential explanation is that recovery of X* near the
boundary is intrinsically more challenging since X* is
inferred indirectly, and the model has no prior knowledge
for supp(X™). The errors in estimation of X* then
propagate through to H.

* \We observed mild oscillation in the training loss across
epochs. This variability is expected in generative models
learning where stochastic sampling and noisy gradient
estimates can introduce fluctuation, despite stable overall
training.

Conclusion and further work

= This study contributes as a stepping stone towards
nonparametric modeling for data with classical
measurement error using scoring rules.

* There are limitations, namely deviation of estimates near
boundary values and oscillation in training loss across
epochs.

= The current approach is also restrictive as it requires
conditions 1, 2, and 3 to hold for identification, i.e., the
measurement error for reported intake often depends on
the mean intake, and may have a skewed distribution,
violating the classical measurement error model ().

= The most common fix has been to monotonically transform
Wi; to values Wi = T(W;;) that more closely follow the
classical measurement error model.

= Further work would involve extending the existing
nonparametric approach to non-classical measurement
error settings that generalize better to real-world data.
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