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Motivation

Many spatial datasets are collected at incompatible lo-
cations and resolutions being the average of the local
neighbourhood.

If this mismatch is ignored, simple upsampling can blur
spatial structure and give uncertainty statements that are
overconfident. This is especially common in astronomy,
where different instruments and beam sizes naturally
produce measurements on different supports.

This project is motivated by scientific settings where the
covariate is intrinsically aggregated by the measurement
process, so the analysis should respect the support on
which itis observed. One example is the following two
datasets as shown in Figure[l]captured for astronomical
research.

Locations of Observations of Two Related Astronomic Datasets (MGS & GAL)
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Figure 1: Observation locations for two metallicity datasets with
support mismatch: MGS is sampled at finer resolution, while GAL
is measured on a much coarser footprint. Both record gas-phase
metallicity across the same galaxy using different indicators.

Arecent research by|Zheng et al|(2025) proposed to use
Basic Area Unit (BAU) level modelling to solve the prob-
lem. We followed similar ideas, but employ a frequentist
approach in contrast to theirs Bayesian approach.

Background

Consider the following spatial process

y(s) = Bo + B1d(s) + Box(s) + &(s), (1)

where both y(-) and d(-) are observed at {sy, ..., sn},
while z(-) is observed at other locations at
{uy,...,u,,} with different resolutionina 100 x 100
domain. We assume that {s1, ..., s, } has a resolution
of 5 x 5Hwhile {uy,...,u,} hasaresolutionof3 x 3
for simplicity.

We divide the 3x 3 area to 1 x 1 basic area unit (BAU) by
modelling the coarsing 3 x 3 resolution as an average
of the BAU. Thenx, = [z(uy) a(u) -+ z(uy),]
and similar for x,, which denotes x(-) at all BAUs, we
can putitin matrix form as,
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Then model z(+) at BAU level, as z(v) = r(v) Tat +n(v)
would give the following distribution,

x, ~ MVN(ap1,%,(€)) = x, ~ MVN(apl, WS, (&)W ).

Direct Average (W)

Underlying Unobserved

MLE

Since the aggregated data x,, is observed, we can
use likelihood methods to estimate the unknown
parameters a0 and &. Sepcifically, the log-likelihood is:

L(an,€) = ~3 log(2r) — 5 log ([WE, (&)W

— 5= ao)T (WE,OWT) ™ (u — i)
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Then, by setting the gradient with respect to oy we
obtain the following estimator for a(€):
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Then, assume the covariance function admits a sep-
arable variance (partial sill) parameter o2, then, the
covaraince matrix (&) can be expressed as

X&) = 02Rn<sl)
where €' is just &€ with o2 excluded. Then, by recog-
nising the same trick as above, we can rewrite the
log-likelihood in Equation (2) as:

L(ag, 0, &) = —%log@ﬂ) - %log (lo*WR, (W)

- %(Xu —agl)" (PWR, ()W) (x, — aol)
(3)

Then by setting the gradient of Equation (3) with
respect to o2, we obtain the following estimator for o2;

F2(¢) = %(xu — apl)T (WR(EWT) ™ (x4 - al)

Hence, we obtain the final concentrated log-liklihood
as,

L(g) = T log(am) — T — T log (*(€)) — 5 log|Q(€))]

Then, we use optimisation algorithm such as Newton’s
Method to optimise with respect to &’

Restricted Maximum Likelihood

MLE method typically have a downward bias for
variance-related estimates. One way to mitigate is to
use restricted maximum likelihood (REML).
Mathematically, we just need to find K € R™*(m~1)
suchthat1,, € ker K' andw.lo.gassume Kisor-
thonormal. Then, definex® = K'x,, we obtain that
the expectation on the new variable would be zero,

E[xf] = K'E[x,) = oK '1 =0.

Now, using the same procedure as outlined by|LaM-
ottd (2007), it can be shown that such restricted
log-likelihood function is independent of the choice of
matrix K. Specifically, it can be written in the form of,
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whereaqy = (1;%7(5)_117”)_1 1, V,(€) 'x,. The
precise expression is an algebraic artifact but appears
to be the same as above. Then, the estimation of the

parameters & can simply be done by maximising the

similar concentrated likelihood.

Simulation Results

Across all simulations, both MLE and REML recover the
true parameters reasonably well. REML shows system-
atically smaller bias for the covariance parameters o2

and ¢, butits slightly larger SD means the RMSE can be
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Figu re 3: Monte Carlo summaries for MLE estimators across num. of simulations (R)
(100,300,500): bias (dashed line = 0), standard deviation, and RMSE for a2, ¢, and «.
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Figure 4: Monte Carlo summaries for the REML estimator as R increases (up to
R = 1000): bias (dashed line at 0), standard deviation, and RMSE for 62, ¢, and ay.

Kriging

Now, in order to the result at correct resolution, we
first need to perform kriging to obtain the best linear
unbiased predictor (BLUP) with respect to MSE based
on the estimated model.

Ultimately, we would like to perform kriging at reso-
lution the same as y(+) at location {s1, ..., s,} with
resolution k x k. But, we will first focus on performing
kriging at BAU level.
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Figure 5: Kriging to the new locations and resolution.

As shown in Figure 5] we first need to krig for every
BAUIn5 x 5 neighbourhood at new locations. This
essentially needs to solve the following optimisation

problem. PR R
minimise 5[(SU(V0) — (Mo + Z )‘ixU(ui)>>2]
=1

subject to  E[z(vo)] = E[2(vo)]

Then, using KKT condition from|Boyd and Vanden-
berghd (2004), the solution is:

Z(vo) = ag + ¢V, 1(€)(xu — dol),
However, not to forget that we actually need the BLUP

for the new resolution, k x k, i.e. solve the following
problem,

minimise E |:<$kxk(50) - (/\0 + in: AixSX?’(ui))) ]

subject to  E[z(vy)] = E[#(vo)]

Then, applying KKT conditions, we show that the
“average predictor” is the optimal predictor.
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The range parameter ¢ is consistently the hardest to es-
timate, with the largest SD/RMSE across settings. When
extending REML simulations, the estimators largely sta-
bilise; increasing number of simulations, R, mainly re-
duces Monte Carlo noise in the reported metrics rather
than the estimator’s inherent sampling variability.
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Figure 2: Approach for going from observed aggregated data and
underlying BAU grids.
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